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\ We also study Hamiltonian formulation of the healthy extended Hofava-Lifshitz gravities 

' and show that these theories have many unusual and interesting properties. 



Abstract: This note is devoted to the study of Hamiltonian formalism of modified F(R) 
Hofava-Lifshitz theories of gravity that were proposed recently in arXiv:1001.4102[hep-th]. 
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1. Introduction and Summary 

Last year Petr Hofava proposed new intriguing approach for the formulation of UV finite 
quantum theory of gravity |||, ^ . The basic idea of this theory is to modify the UV 
behavior of the general theory so that the theory is perturbatively renormahzable. However 
this modification is only possible on condition when we abandon Lorentz symmetry in the 
high energy regime: in this context, the Lorentz symmetry is regarded as an approximate 
symmetry observed only at low energy. 

In iQ, |Tl| we introduced version of Hofava-Lifshitz gravity that is related to F{R) 
theories ^. This approach was further developed in very interesting paper It was argued 
there that such a form of gravity could provide unification of the early time infiation with 
the late time acceleration. Moreover, the preliminary analysis of the cosmological solution 
with some promising properties was given there as well. 

The goal of this short note is to find the Hamiltonian formulation of modified F{R) 
Hofava-Lifshitz theory. In fact, the Hamiltonian analysis of given theory was already done 
in but we feel that it deserve to be investigated further. Following ||l^ we formulate 
the Hamiltonian formalism for modified F(R) Hofava-Lifshitz gravity and we show that 
the algebra of constraints is closed for theory that obeys the projectability condition that 
claims that the lapse function depends on time only N = N(t). 

As a counterexample of standard form of well defined Hamiltonian dynamics of modi- 
fied F{R) theories of gravity that obey the projectability condition we discuss the Hamil- 
tonian analysis of healthy extended Hofava-Lifshitz gravity that was proposed in fs], |^. 
Explicitly, since the momentum conjugate to lapse is primary constraint of the theory we 
find that the preservation of this constraint during the time evolution of the system induces 
the secondary constraint that has non-zero Poisson bracket with the primary constraint 
Pn ~ 0. In other words, they form the collection of the second class constraints. It is in- 
structive to compare this result with conclusions presented in Q. It was shown there that 
the Hofava-Lifshitz gravity without the projectability condition has very peculiar property 
in the sense that the Hamiltonian constraints are the second class constraints and that 

^For review and extensive list of references, see (l3, uA, [iq, [Lq, [L7[. 



- 1 - 



the gravitational Hamiltonian vanishes strongly. However in case of the healthy extended 
Hofava-Lifshitz gravities we find new and surprasing resolution. Explicitly, since pM and 
corresponding secondary constraints are the second class constraints their can be explicitly 
solved. Then we can express as a function of cannonical variables, at least at principle. 
Further, the reduced phase space of healthy extended Hofava-Lifshitz theory is spanned 
by gij,p^-' and there is no gauge freedom related to the time reparameterization of theory 
since there is not the first class Hamiltonian constraint. Interestingly, this result natu- 
rally solves the problem of the closure of the algebra of the Hamiltonian constraints in 
the Hofava-Lifshitz gravity. Secondly, one can hope that heatlhy extended Hofava-Lifshitz 
gravities can provide solution of the problem of time in gravity ^. We hope to return to 
this interesting problem in future. 

The structure of this note is as follows. In the next section (^) we perform the Hamilto- 
nian analysis of modified F{R) Hofava-Lifshitz theory of gravity. In section (|3[) we perform 
the Hamiltonian analysis of healthy extended Hofava-Lifshitz gravities and discuss their 
properties. 

2. Hamiltonian Formulation of Modified F{R) Hofava-Lifshitz gravity 

Let us consider D + 1 dimensional manifold M with the coordinates , fj, = 0, . . . , D and 
where = (t, x) , x = (x^, . . . , x^). We presume that this space-time is endowed with the 
metric g^y{x^) with signature (— , -|-, . . . , -1-). Suppose that M. can be foliated by a family 
of space-like surfaces defined by t = x^ . Let gij,i,j = 1, . . . ,D denotes the metric on 
with inverse g^^ so that gijg-'^ = S^. We further introduce the operator Vj that is covariant 
derivative defined with the metric gij. We introduce the future-pointing unit normal vector 
n'^ to the surface . In ADM variables we have = -sj —g^^, = —(p^j \/—g^^- We also 
define the lapse function N = 1/ \/—g^^ and the shift function N^' = —g^^/cp^- In terms of 
these variables we write the components of the metric g^y as 

500 = -N"^ + Nig'^Nj , goi = Ni , g^j = g^j , 
^00 ^Oi^^ ^ij ^ i, N'N' 

Then it is easy to see that 



(2.1) 



V-det5 = Ny^detg . (2.2) 
We further define the extrinsic derivative 

Kij = ^{dtgij - ^iNj - VjNi) . (2.3) 

It is well known that the components of the Riemann tensor can be written in terms of 
ADM variables ^. For example, in case of Riemann curvature we have 

R = K'^K,, -K' + + -^d^{^n>^K) - -l-d,{^g^^ djN) , (2.4) 



^For detailed discussion of this problem, see 
^For review and extensive list of references, see 



- 2 - 



where K = Kijg^^ and where R^^^ is Riemann curvature calculated using the metric gij. 
The new formulation of Hofava-Lifshitz F{R) gravity that was given in |^] is based on the 
modification of the relation (^^). In fact, the action introduced there takes the form 

^FiR) = I dtd'^^^NFiR) , (2.5) 

where 

R = K.^G'i^'Kki + -^d^iy^n^K) - -^d^i^g'^djN) - E'^G^jkiE"' , (2.6) 
V 9 

where fi is constant and where the generalized metric Q^^'''- is defined as 

where A is real constant. E^^ are defined using the variation of D— dimensional action 
Wigki) 

6W 

These objects were introduced in the original work However we can consider theory 
when EijO'^'^^Eki is replaced with more general terms that depend on gij and their covariant 
derivatives. Further, the action ( |2.5D is invariant under foliation preserving diffeomorphism 

t'-t = f{t), x'' -x' = e{t,^) . (2.9) 

Our goal is to perform the detailed Hamiltonian analysis of the theory defined by the 
action ( p. 51 ). In order to do this we introduce two non-dynamical fields A, B and rewrite 
the action (2.5) into the form 

Sf(r) = J dtd^'i^^NiBiR -A)+ F{A)) . (2.10) 

It is easy to see that solving the equation of motion with respect to A, B this action reduces 
into (^.5|). On the other hand when we perform integration by parts we obtain the action 
in the form 

SpiR) = I dtd^^ {^NBiKijg'i'^'Kki - E'^g,,uiE^' - A)+ 
+^NF{A) - 2ii^{dtB - N%B)K + 2fidiB^g'^ djN) , 

(2.11) 

where we ignored the boundary terms. From this form of the action we clearly see that B 
is now dynamical field. In fact, from the action ( |2.11| ) we find the conjugate momenta 



(2.12) 
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The first line in ( |2.12| ) implies that PN,Pi are primary constraints of the theory. On the 
other hand the relations on the second and third line in (2.12) can be inverted so that 



(2.13) 



where we used the fact that 

g.^giiki ^ (1 _ ^jj^gki (2.14) 
Using these results it is straightforward exercise to find corresponding Hamiltonian 

H = J d^^iNUr + N'Ui + v^pA + v^pn + v'pi) , (2.15) 



where 



1 {1-XDfB 



+ , 'jTo " ((1 - X^Y - 2)vr2 + 



+ ^BiE'^GijkiE''' + A)- ^F{A) + 2^Ji^i[^,B^g'^] , 
n^ = -2gikVjp^' + TxdiB , 

(2.16) 

and where we included the primary constraints pArwO,pi~0,pA~0. Note that as 
opposite to the Hamiltonian analysis presented in |^ we find that B is dynamical field. 
Further, the consistency of the primary constraints with the time evolution of the system 
implies following secondary constraints 

dtPN{^) = {Piv(x),F} = -Uri^) « , 

dtPii^) = fe(x),i7} = -n,{-^) « , 

dtPA{^) = {pa{^),H] = -^N{B - F\A)){^) = -^NGa{^) « . 

(2.17) 

Since {p^(x), Ga{y)} = F" [A)5{^—y) we see that {pA-, Ga) are the second class constraints 
and hence can be explicitly solved. The solving the first one we set pA strongly zero while 
solving the second one we find F'{A) = B. If we presume that F' is invertible we can 
express A as a function of B so that A = ^{B) for some function ^. Finally, since 
{^p^-^ ,Pa] = {gij^PA] = we see that the Dirac brackets between canonical variables 
coincide with Poisson brackets. 

Let us consider the smeared form of the spatial diffeomorphism generator 

d^^C'Ht . (2.18) 
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It is easy to see that this generates the spatial diffeomorphism since 



{T5,7r(x)} = -e(x)a,7r(x)-9,e(x)7r(x) , 

(2.19) 

Using the Poisson bracket between T5 and B we find 
{Ts,A{B{m = MW{Ts,i?(x)} = 



6Bi^ 



(2.20) 



Then we find following Poisson bracket 

{T5, ?^t(x)} = -e'=(x)afc-Hr(x) - -HT(x)afcC^(x) (2.21) 

that implies 

{TsiO, Tt(/)} = I d''^{dkfe)'HT = Tridje) ■ (2-22) 

Note that the right side in the expression above vanishes for constant /. 

Finally we calculate the Poisson bracket of TT{f),'^Tig)- Clearly the calculations of 
the Poisson bracket {^^^(x), ^^^(y)} will be as intricate as the calculation of the Poisson 
bracket between these constraints in standard Hofava-Lifshitz gravity. The structure of 
these brackets was analyzed in ||^, ^ with the outline that Tir are the second class con- 
straints with unclear physical meaning of this theory. On the other hand it is possible to 
find consistent physical theory (at least on the classical level) in case when we impose the 
projectability condition that claims that N = N(t). Then the local primary constraint 
PAr(x) « is replaced with the global one pjy ^ and its preservation during the time 
evolution of the system implies the global constraint ^ 

T = y d^x?^T(x) ^ . (2.23) 

Then we find that the Hamiltonian is the linear combination of the first class constraints 

H = v^pN + v'pi + NT + Ts{N') . (2.24) 

Finally using the fact that 

{T5(0, T5(r?)} = TsiCd^v" - V^di^) (2.25) 



^Clearly this constraint takes the same form as Tt(/) for constant / = 1. 



- 5 - 



and also the equation ( ^.22 ) when we impose the condition / = 1 we find that the con- 
straints T ~ ,T5(^) ~ are consistent with the time evolution of the system since 



dtT = {T,H}^0, 
dtTsiO = {TsiO,H}^0. 

(2.26) 

Let us conclude our results. We derived the Hamiltonian formulation of modified F{R) 
Hofava-Lifshitz gravity and argued that this is a consistent theory when the projectability 
condition is imposed. Observe that the requirement of the consistency of the constraints 
with the time evolution implies the secondary constraints only which is different from 
analysis presented in |^]. Explicitly, it was argued there the consistency of the constraints 
with the time evolution of the system could lead to the the possibility of the generation 
of tertiary constraints or constraints of higher order until the closure of constraints is 
established. 



3. Hamiltonian Dynamics of Healthy Extended Hofava-Lifshitz Gravity 

The healthy extended of Hofava-Lifshitz theory was proposed in ||5| in order to improve 
some pathological properties of the Hofava-Lifshitz gravity without projectability condi- 
tion. Explicitly, the healthy extended Hofava-Lifshitz gravity is the version the Hofava- 
Lifshitz theory without projectability and without detailed balance condition imposed that 
contains additional vector constructed from the lapse function N{t,x) as 

ai = -jf (3.1) 

Note that under foliation preserving diffeomorphism where N'{t',x.') = N{t,x){l — f{t)) 
we find that transforms as 

a'i{t',x') = ai{t,x) -aj{t,x)die{t,x) . (3.2) 

Let us now consider the healthy extension of modified F{R) Hofava-Lifshitz theory of 
gravity defined by the action 

S = j dtd^x^N{B{R - Vig^j,ai) - A) + F(A)) , (3.3) 

where V{g,a) is an additional potential term that depends on and on gij. Performing 
the same analysis as in previous section we find the Hamiltonian in the form 



7 N A \ 

+ V Pi + V PN +V PA) , 



(3.4) 
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where T-Lt and Hi are the same as in case of modified F{R) Hoi^ava-Lifshitz gravity. The 
crucial point of the Hamiltonian analysis of the healthy extended Hofava-Lifshitz gravity 
is that the condition of the preservation of the primary constraint pN ^ implies following 
secondary one 

dtPNi^) = {pn{^),H} = -CHt(x) + i?V5^(x)) + 

(3.5) 

using 

J ' ) 1\ \ ' Otti / 

(3.6) 



(x),y" d''yNB^V{g,a)^ = -B^V{^) + ^di {nB^^-^^ (x) 



The general analysis of the constraint systems implies that the total Hamiltonian is the 
sum of the original Hamiltonian and all constraints so that the Hamiltonian takes the form 

H = j d^x{N{nT + ^/gBV) + N'Tii + vtUt + v^pn + v'pi) , (3.7) 

where vt is Lagrange multiplier related to the new constraint T-Lt- Observe that as opposite 
to the case of canonical gravity or standard Hofava-Lifshitz theory does not appear as 
Lagrange multiplier in the Hamiltonian (|3.7l ). This is the first indication of the slightly 
unusual behavior of this theory. In order to investigate the properties of given theory further 
we introduce the smeared form of the Hamiltonian constraint Tt(/) = J d^x/(x)'Hr(x). 
Then we find 

{p..t.(/)} = >.(bv5£;) + 



(3.8) 



Since the Hamiltonian can be written as 



H = j d'^^iNiUr + VaBV) + v'^pN + v'Pi) + Tt{vt) + Ts{N') (3.9) 



we find that the time derivative oi pN is equal to 

dtPN = {PN,H} w -^vrdi (^^/g^ ) + 



(3.10) 
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In principle this equation can be solved for vt so that it is determined by the dynamical 
variables. In other words, pN and T-Lt form the second class constraints and consequently 
there is no gauge freedom related to the constraint T-Lt- However this fact has very in- 
teresting consequences for the structure of the theory ^. Explicitly, since pAr(x), 7^r(x) 
are second class constraints they can be explicitly solved. The solution of the first one is 
Piv(x) = strongly. On the other hand we suggest that the constraint T-Lxi^) = can be 
solved for Oj = and hence A'^ can be expressed as a function of dynamical variables 

N = ^gijJ^). (3.11) 

Further, since the Poisson brackets between gij,p^-^ and pN vanish we find that the Dirac 
brackets between cannonical variables gij,p^^ that span the reduced phase space of the 
theory coincide with the Poisson brackets. Finally, using ( p.ll| in we find that the 
Hamiltonian on the reduced phase space takes the form 

H = J d'^^mnT + VaBVm + v'p^) + +Ts{N') . (3.12) 

We see that this Hamiltonian contains generator of the spatial diffeomorphism that is the 
first class constraint. The presence of this constraint is a consequence of the fact that this 
theory is invariant under spatial diffeomorphism. Observe that there is no gauge freedom 
related to time reparameterization. This result suggests that even if the structure of the 
healthy extended Hofava-Lifshitz gravity is completely different from general relativity it 
has the potential that it can solve the long standing problem of time in general relativity ^. 
It would be very interesting to study this theory further for some examples of the potential 
V that allow to find as a function of cannonical variables and hence find Hamiltonian 
on reduced phase space. We hope to retun to this problem in future. 
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